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Electronic Enhancement of S/N and Boxcar Filtering
Synopsis:


Students are provided out put of data from an analog filter from which they create a Bode plot and determine the time constant of the filter.  Students are also provided with a set of data which they filter digitally by sliding boxcars and by waveform summation.  Students create data for a fourier transform and apply a fourier transform to the data.
Testable Skill Acquired

1. Students continue to build familiarity with spreadsheet manipulations

2. Students reinforce ability to plot data on a spreadsheet

3. Students reinforce the concepts of signal enhancement by increased sampling

4. Students perform a spreadsheet based Fourier Transform smoothing of the data.

5. Students perform boxcar filtering and wave form summations, and demonstrate the concept of noise reduction proportional to square root of sample number

6. Students construct Bode plot the determine the cut off frequency.

7. Students shift a signal’s frequency 
Filtering Data

All of the “tricks” practiced below assume that any experimental data can be assumed to be the sum of a series of sin waves:
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(1 and 2)

In these first two filters the assumption is that the signal waveform is reproducible and the noise component is random.  
The next three exercises illustrate methods of enhancing the signal rely upon the fact that often noise is a high frequency component.  Sometimes a signal is deliberately shifted in frequency to separate the signal from the noise.  Much of the noise can be removed immediately before digitization of the signal by application of a low pass filter.   Alternatively signal can be decomposed into its various frequency components and the noise frequencies isolated and removed via a fourier transform technique.
A.
Sliding Boxcar

In the boxcar digital filtering the assumption is that any noise added to the signal  has equivalent excursions positive and negative from the unpolluted signal.  As a consequence an average of a series of closely spaced points should result in destructive interference of positive and negative excursions:
1.
Open the spreadsheet for the Boxcar exercise.  
.

2.
To form a 3 point sliding boxcar, in cell E11 type 



=average(D10.D12)


Copy this formula to the cell E205.  You should 1 less data point at the top and bottom of your 3 boxcar data than in the original raw data.

3. To from a 5 point sliding boxcar, in cell F12 type



=average(D10.D15)


Copy this formula to cell E204.  You should have 2 less data points at the top and bottom of your 5 boxcar data than in the original raw data.

4. To from a 7 point sliding box car, in cell G13 type



=average(D10.D17)


Copy this formula to cell E203. You should have 3 less data points at the top and bottom of your 7 boxcar data than in the original raw data.

6.
To form a 9 point sliding boxcar, in cell H14 type

=average(D10.D19)

copy this formula to cell E201.  You should have 4 less data points at the top and bottom of your 9 boxcar data than in the original raw data.

7.
To form a 25 point sliding boxcar in cell I23 type

=average(D10.D35)

copy this formula to cell E96.  You should have 12 less data points at the top and bottom of your 9 boxcar data than in the original raw data.

B.
Waveform Summation


For waveform summation the noise should decrease because the standard deviation of a population decreases with the number of measurements:
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(3)
If we consider a theoretical population consisting of a large number of individuals, N, with a population standard deviation of spop of which we only sample a few members, n, then the standard deviation of the sample, ssam, scales with the number of individuals sampled:
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(4)
If N is very large (10,000) compared to the sample size (1-100) then equation 4 reduces to 
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(5)

This last equation indicates that as the sample size increases the standard deviation of the sample will decrease. 

1.
In your excel sheet go to tap “16 waveforms”.

2.
Average waveforms 1 through 4; 1 through 9 and 1 through 16.
3. Determine noise of waveform 1, average of 1through 4, average of 1 through 9 and average of 1 through 16 waveforms.  The noise is pp/6.  The waveform you have is a sine wave.  Expand your graphs to the point that the top of the sin wave is nearly flat to make the peak to peak measurement. 

4. Plot the noise as both a function of the number of waveforms (1, 4, 9, and 16) and as a function of the sqrt of the number of averaged waveforms.  Which is a better plot?  Why?
5. What will happen if you shift the data of one waveform slightly down so that it is out of phase?
C.
Frequency Encoding the Sample
.  Frequency encoding is accomplished by putting the source beam on a chopper so that the signal generated is tied to a known frequency, while the background (noise) is on some baseline or variable frequency.   What this allows you to do is to recover the signal frequency and remove the noise frequency through the use of a lock-in-amplifier.  The way it works is the following.
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The source is chopped onto a frequency, fsource, with an amplitude Asource
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The source beam is sent  to the sample cell where it is altered by interaction with the sample leading to a different amplitude:
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 While in the sample cell noise is collected that has its own peculiar frequency,  fnoise
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The detector observes the sum of the sample intensity at the source frequency and the noise intensity at the noise frequency
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To get only the sample intensity a clever trip is pulled.  The output of the detector is multiplied by the source frequency:
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The part of the signal composed only of source frequency (the signal) is frequency doubled and shifted away from the noise.  

Open an excel spread sheet.  At the top create a base frequency as fsource = 2π/512.  We are using 512 as our total data string because 512 = 27.  Create a frequency for your noise that is not equal to that of the source, nor should it be some integer multiple.  I chose fnoise = 1.3fsource.

In column A create a time string from 1 to 512.  In column B create the signal associated with the source (=sin(2π/512)*time in column A)).  In column C create a similar set of data for the noise.

In column D sum the source and the noise.  In column E multiple column B by column C (this is what the lock in amplifier looks at).  
D.
Low Pass Analog Filter

[image: image10]
1.
Obtain the data for the Analog filter which has a column for the V amplitude of the sine wave in and for the V amplitude of the sine wave out as a function of the frequency (Hertz) of the input sine wave.

2.
Divide the out put voltage amplitude  by the input voltage amplitude at each frequency.

3.
Calculate the log of the frequency using the Excel equation



=log(number)

4.
The relationship of Vout/Vin for a low pass analog filter is:
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(6)

where R is the resistor, C is the capacitor in the analog filter and f is the frequency of the signal.  When:
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(7)

 the ratio of the out put signal to input signal is:
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(8)

A plot of [image: image14.wmf]V

V

out

in

 vs log Hz is called a Bode plot.  Locate on your Bode plot the cutoff frequency where Vout/Vin is 0.707.  From the frequency determine the RC value from equation (8). What is the bandwidth (frequency range that is passed) of this low pass filter?

E. Fourier Transform Exercise
In the equation below there are 9 different sin waves each a multiple of a base frequency (1) with an amplitude scaled to the base frequency as shown in the frequency plot  below.
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 (9)
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The equation, which represents, the sum of nine individual sin waves approximates a square wave when plotted in the time domain:
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As seen above every time varying signal can be considered a sum of sin waves.  Another way to express the summation of sin waves is as a Fourier series:
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(10)

where the amplitudes of A(α) and B(α) are themselves integrals of sin waves.    A Fourier transform of the time varying data in equation (6) to reveal the frequency dependent data  is obtained by the function:
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(11)
This math manipulation can be discretized to work in a spreadsheet as
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(12)
Solution of N2 multiplaction operations are required which made it an undesirable application.  However performing the operation as a matrix set results in a fast Fourier transform (FFT) which can be used even within fairly simple computational packages including Excel.


This is very useful because an analog signal converted to a digital set of data within the computer can be manipulated by the FFT transform to derive a frequency spectrum of the signal.  If the source of the noise is known it can be removed from the frequency spectrum and the time domain signal reformed minus noise. 


The point of this exercise is to transform the unfiltered data.  Since you have artificially constructed the unfiltered data from two different frequency sin waves a transform into F.T. space should yield back information about the two different frequencies.  The F.T. can be performed in Excel, but takes a little bit of trickery.

Fourier Transform By Excel


To perform a fast fourier transform by excel your time varying data must be a string (in a column) that is 2n long (2, 4, 8, 16, 32, .....512....).  The digital FT performed by excel does not make reference to your measured time, but treats your data as a string of data from n to 2n.  

Open an excel spread sheet.  At the top create a base frequency as fsource = 2/512.  We are using 512 as our total data string because 512 = 27.  

In column A create a time string from 1 to 512.  In column B create the signal associated with the source (=sin{(2/512)*(time in column A}).  The sin function should include (2time/512).  In column C create a similar set of data for the noise at some large frequency multiple and lower amplitude (=0.3 *sin{(2(/512)*20*(time in column A}).  Here I have an amplitude 1/3 of the “Signal” at 20 times the frequency.   In column D sum the source and the noise.

Open the tools pack and go to Fourier transform.  Specifiy the 512 data points associated with the detector in column D.  Tell it to place the transformation in column E.  

The data placed into column E will be complex number representation of the amplitude of the frequency components for 0 (fsource), then 1(fsource), then 2(fsource) and so on.  (An aside: we have deliberately created our source frequency to pass one cycle in 512 second.  If you use the FFT in other applications, the fft considers the fundamental period of the frequency to be what happens in the 512 data points you scan).    The first point in column E will represent 0 frequency, or DC.  Each sequential box will represent the amplitude of frequency 1 (1cycle/512 second), frequency 2 and so forth up to point 256 at which point the numbers display the amplitude of each decreasing frequency.  

The data displayed is a complex number.  To convert to something you can graph create a column F (=imabs(columnE).

Create a histogram of column F. You do not need to use the Histogram package in Excel or to create bins here.  Simply highlight the data in column F including only the 2nd through the ~ 30 data points (base frequency to frequency multiple 30).  Using that single column insert a bar graph.  The computer will automatically assign numbers 1, 2..... to your x axis.  The data you highlighted will be the y axis or height of the bar graph.  In this bar graph you should see at least two frequency components.   One component is the base frequency or signal and the second is the high frequency noise sitting on top of it. 

To filter the data create column G.  Every number in column G should be zero except for the point representing the base frequency (point 2 in column E).  Copy the complex number in column E over.  Note, for some unexplained reason you will find a duplicate of this number at the end of the data string.  Copy the complex number at the end of the column that is identical to the one you just copied from column E to column G.  

Now re-create a time string of data by performing the inverse fft on column H.  To do this go to tools, Fourier Transform.  In the Fourier Transform command box you click inverse.   Tell the computer to place the data in column H.  This data needs to be truncated.  To truncate in column I type =value(column H).

Now plot the data in column H as an xy scatter plot.  You should see a beautiful noise free sin wave identical to the original noise free sin wave you generated or acquired.

Report:
In addition to introduction, materials, methods, and data, results, and data analysis use all of the following questions to construct an essay.  Do not write the answers out question by question.  Integrate them into a coherent essay.  You may wish to consider other issues not listed below.
1
How does this type of filtering of sine waves relate to concepts discussed in the statistics lab?

2.
How the circuit be reconfigured to create a high pass filter?

3.
What would be the cut-off frequency of this high pass filter?

4. When you observed the Signal summed to the Noise did you observe a "beat" frequency?

5.
Why does the boxcar averaging lower the amplitude of the high frequency component?

6.
In what way does the amplitude of the high frequency component vary with the size of the boxcar.  Be very specific both in words and in math and graphs.  (Hint compute s from the peak to peak variation of the high frequency component).

7.
Do you think that it is appropriate to average five points together even when the signal is clearly variable with time?  Would it be appropriate to average 100 points together?  Why or why not?  What might be a better way of averaging the data?.

8. How does the S/N change when you sum waveforms?  What might be a problem in summing a waveform?

9. Which worked best: FT or summing or boxcar?

10. What would be a problem with doing a mathematical FT?

11. How well did your frequency encoding work?  Using the examples in this dry lab how might you clean up the noise from the encoded signal?
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